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The method of complex characteristics and hodograph 
transformation for the design of shockless airfoils was 
introduced by Bauer, Garabedian, and Korn and has been 
extended by the author to design subcritical and supercritical 
cascades with high solidities and large inlet angles. This new 
capability was achieved by introducing a new conformal 
mapping of the hodograph domain onto an ellipse and 
expanding the solution in terms of Tchebycheff polynomials. 
A new computer code, the NASA Lewis inverse design code, 
was developed based on this idea. 
This new design code is an efficient method for the design 
of airfoils in cascade. In particular, the design of subcritical 
cascades of airfoils is a very fast, robust, and versatile process. 
The inverse design code can be made to interact with a 
turbulent boundary layer calculation to obtain airfoils with no 
separated flows at the design condition. 
This report is intended to serve as a users manual for this 
design code. Material previously reported by the author is 
included here for completeness and quick access to the user. 
The manual contains a description of the method followed by 
a discussion of the design procedure and examples. The input 
parameters necessary to run the code are then described and 
their default values are given. Output listings corresponding 
to six different blade shapes designed with the code are given, 
as well as the necessary input data to reproduce the computer 
runs. The examples have been chosen to show that a wide 
range of applications can be covered with the code, ranging 
from supercritical propeller sections to wind tunnel turning 
vanes that can operate with a large inlet flow angle range. 
Introduction 
This manual describes a new design technique, the NASA 
Lewis inverse design code (LINDES), based on the complex 
characteristics method and a new conformal mapping of the 
hodograph domain onto an ellipse (refs. 1, 2). This new 
mapping leads ~ tu ra l ly  to the use of Tchebycheff polynomials, 
to construct the solution of the equations. The equations of 
flow are integrated along a set of paths which are in accord 
with the topology that the elliptic mapping introduces. (Contact 
COSMIC, The University of Georgia, Athens, GA. 30602, 
concerning the availability of this program.) 
The method of complex characteristics and hodograph trans- 
formation developed by Bauer, Garabedian, and Korn (ref. 3) 
has been widely used to design supercritical wing sections and 
cascades. With this method, excellent shockless airfoils have 
been designed and tested in this country and abroad. In its latest 
version, the method solves the problem of finding a shockless 
airfoil with a given pressure distribution. 
Because of the conformal mapping used by Bauer, Gambedh, 
and Korn to transform the hodograph domain of the flow onto 
a circle, a restriction exists in their method which does not 
allow the design of cascades with high solidities. Also, a poor 
resolution at the leading and trailing edge regions may arise, 
in cases of high incidence angles, as a consequence of this 
mapping. 
The heuristic idea behind the elliptic mapping is as follows: 
When tKe flow is mapped onto a circle, the upstream and down- 
s t r e d  points of infinity are mapped into two interior points 
of the circle, where two logarithmic singularities of the solution, 
a source and a sink, are located. Increasing the separation 
between these two points reduces the gap-to-chord ratio. The 
limiting case of intinite gaptochord ratio, or the isolated airfoil, 
corresponds to the case in which both singularities coalesce. 
The two singularities can be more widely separated by mapping 
the flow onto an ellipse, further reducing the gaptochord ratio. 
A parameter related to the eccentricity of the ellipse will be 
introduced to control the solidity of the cascade. 
High solidities have been achieved with this new method. 
A good resolution of points defining the body is obtained both 
at the leading and trailing edge regions, and larger incidence 
angles with thinner airfoils can be achieved. The method of 
complex characteristics, as applied to our problem, is reviewed 
in the following section. 
Description of the Method 
Hodograph Complex Equations 
can be described by the Chaplygin system, 
The equations of potential flow in hodograph coordinates 
M2 - 1 
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in which cp and 4 are the potential and stream functions; M 
is the local Mach number; q and 8 are respectively the modulus 
and argument of the velocity vector, and p is the density. This 
system of equations is of mixed type, elliptic and hyperbolic, 
in the transonic regime. 
In the method of complex characteristics, the variables are 
analytically extended into the four-dimensional domain of two 
complex variables, where the characteristic equations can 
always be solved. The system (eq. (1)) can be written in the 
canonical form (ref. 3) 
‘ P E  = 7+4{ 
In the context of the complex system, equation (2) ,  the 
correct mathematical problem to be solved is the characteristic 
initial value problem, where initial data are given in the two 
characteristic planes emanating from the initial point ( E o ,  qo) 
in the four-dimensional space. Manipulation of this initial data 
can and has lead in the past (ref. 3) to the construction of 
shockless solutions. A new and fundamental approach in the 
application of hodograph methods was taken in reference 4, 
where the unknown domain of the flow is mapped onto the 
unit circle, by a conformal mapping of the type of equation (5). 
This allows for a systematic prescription of the initial 
characteristic data, based on a given pressure distribution over 
the airfoil. The next section describes how this idea is 
implemented. 
where Elliptic Conformal Transformation 
Cz8 
7 * = = f i  
P 
The transformation defined by equation (5) is used to map 
the flow onto an elliptic domain D of each coordinate charac- 
teristic plane. Because of this transformation, the coordinate 
characteristics are such that real subsonic points correspond 
to the domain of points of the form ( E , $ ) ,  when ,$ is a point 
enclosed by the portion of the boundary of D,  where E and 
q are conjugate coordinates and the sonic locus. This part of 
The two independent variables E and q are arbitrary complex 
analytic functions of the characteristic coordinates 
the boundary will correspond to the subsonic part of the body. 
Points in the remainder of the domain D do not correspond 
to the real physical plane, and the real supersonic part of the 
body have to be found by searching for the zero stream line. 
The elliptic domain and the corresponding Tchebycheff 
polynomials can be defined in the following form. Consider 
the conformal mapping 
s = log h - ie 
t = log h + id (3) 
where h is defined by 
h ( q )  = h(C,)exp 
(6) 2 
(4) of a circular ring in the plane onto the ellipse with axes defined 
by the points 
and C, is the critical speed. 
Recall that the coordinates s and t are conjugated 
characteristics coordinates (ref. 3), in the subsonic domain. 
This means that, for subsonic points, s and t are complex 
conjugate numbers when q and8 are real. If the variables 5 
and 7 are defined in the form and the slit (- 1,l). We consider the class of analytic functions 
in the ring which have a Laurent expansion of the form 
03 01 
s =f(8 t = f O  ( 5 )  
withfanalytic, then they are also conjugate coordinates. Under 
this transformation the sonic surface is mapped onto a curve -01 0 
of each characteristic plane, called the sonic locus (ref. 1). 
The hodograph method is appropriate in solving an inverse 
problem. A solution is constructed with the correct logarithmic 
singularities, which represent a sink and source at infinity. 
The zero stream line, on the physical real plane, is the possible 
in which a, = a _ ,  for all positive n. The functions of the 
variable 
n =o, 1, 2, ... (8) 
candidate for the body which generates the flow. 2” 
2 
are actually the Tchebycheff polynomials of the first kind, as 
can be easily verified. 
Observe that a function of equation (7) has the property 
F(eie> = F ( e - i e )  o I o I K (9) 
This means that within this class of functions, points are 
identified with the same real part in the positive and negative 
parts of the unit circumference. Any analytic function on the 
ellipse in the w-plane can then be written in the form 
O D /  . \  00 00 
1 
F(w) = a, ( 5 "  + G )  = a,lT,(w) = bnwn (10) 
0 \ 5 / 0  0 
This shows that the ellipse is equivalent to the circular ring 
with the given identification of points on the unit circum- 
ference. This identification actually makes the slit introduced 
by the mapping (eq. (6)) unnecessary, making the elliptic 
domain singly connected. 
The circular ring 1 5 151 5 R is adopted as the 
computational domain D, with the previous identification of 
points. The parameter R will control the eccentricity of the 
ellipse and, in this way, the solidity of the cascade. Several 
advantages arise from this formulation. The most important 
one is that Fast Fourier Transform (FFT) is able to compute 
the coefficients of the mapping function 
o J /  1 \  
of the flow onto the computational domain D. Other advantages 
of this formulation will be discussed when the design procedure 
is described. 
The supercritical design problem can be formulated as 
follows. Find an analytic solution 
of the system (eq. (2)), with c p 1 , ~ 2 , ~ 3  and $1,$2,$3 regular 
functions, in the domain D, where the mapping functionf 
defined by equation (1 1) satisfies the Dirichlet condition 
and the stream function satisfies the boundary condition 
The stream function is real valued for subsonic points, and 
the boundary condition (eq. (14)) is well defined when a proper 
branch of the solution is taken. The function h* is defined by 
The regular part of the solution can be expanded as a linear 
combination of particular solutions obtained by taking as initial 
characteristic data a complete set of orthonormal functions, 
namely the Tchebycheff polynomials. The coefficients of this 
linear combination are then determined by imposing the 
boundary condition (eq. (14)). This boundary value problem 
has been proved to be well posed when the system of equations 
(1) is reduced to the Tricomi equation (ref. 5 ) ,  that is, in the 
case of the transonic small disturbance equation. In the general 
case of the full potential equation that is dealt here, a low 
condition number for the matrix associated with the linear 
system in question, both when the domain D is a circle or an 
ellipse, indicates the well poscdness of the problem. 
With the definitions given, h* and h become identical in the 
subsonic part of the domain D, where the parameter k is taken 
equal to unity. In the remainder of this domain, h is not real 
and the introduction of the function h* becomes necessary. 
The consequence of using this Dirichlet condition is that the 
designed airfoil will not achieve the prescribed pressure 
distribution on the supersonic part of the airfoil. 
The boundary conditions (eqs. (13) and (14)) are nonlinearly 
coupled. The nonlinearity of the problem arises from the fact 
that the speed distribution is given as a function of the arc 
length, and in equation (13) it is needed as a function of the 
coordinate 4 on the boundary 141 = R.  The relationship 
between 5 and the arc length s, can only be determined when 
the potential function is known. On the other hand, the solution 
of the boundary value problem (eq. (14)) is linked to the 
knowledge of the mapping functionf. An iterative procedure 
is then needed to solve the problem. 
This iterative procedure is established by first computing 
an incompressible solution c p ( E ) ,  $ ( E )  on the elliptic domain, 
in terms of classic Jacobi elliptic functions. The incompressible 
solution is conformal invariant. The relation between the arc 
length s and the boundary variable 5 =Re" can then be 
established as cp (s) is known. This allows computation of the 
mapping functionf, with the use of FFT, to solve the Dirichlet 
problem (eq. 13) with prescribed values of h* at a number 
N of equidistant nodes on the circumference of radius R.  
Once the mapping function is known, the system of 
equations (2) can be integrated, as T* are, then, known 
functions of the variables 5 and 7. Note that at each iteration 
an analytic solution is found. If the zero stream line is not self- 
intersecting and has the proper closure at the trailing edge, 
it represents a shockless airfoil. 
3 
Numerical Solution 
This section concentrates on the problem of finding a 
solution of the type of equation (12) to the system of equations 
(2), once the mapping function f has been determined. The 
notation 
is introduced. The requirement that the functions of equation 
(12) be solutions of the system of equations (2) with the pairs 
(pi,$;) ( i  = 1,3) being regular functions leads to the 
homogeneous system, for each value i = 1,2 of the index i ,  
with 
(17) pi = 7+#i on r]  = q i  ( i  = 1,2) 
and to the inhomogeneous system 
The problem (eq. (16)) with the condition (eq. (17)) is known 
as the Riemann problem for that system. The solutions are 
the Riemann functions related to that problem and can be 
explicitly integrated along the characteristic r]  = vi, in the 
form 
The complex constants C1 and C2 remain at our disposal. 
These two sets of Riemann functions can be integrated with 
a finite difference scheme that will be described later. On the 
,$ = ti, i = 1,2, characteristics the initial data 
4 
Once these functions are determined, the inhomogeneous 
system (eq. (18)) can be integrated. For that, the solution is 
expanded in the form 
Here (cp$"),$$")) is a solution of the inhomogeneous problem 
(eq. (1 8)) with the the homogenous initial characteristic data 
assigned on the two characteristics emanating from a point 
(E3,F3), which is subsonic and far from the singularities < , $ , , f , )  
and (t2&). Each pair of functions (pin) ,$in)) is a solution 
for the homogeneous system (eq. (16)), with the initial 
characteristic data 
and where the T,(w) are the Tchebycheff polynomials 
described in equation (8). Once each of these initial 
characteristic problems is numerically solved, the coefficients 
b, on equation (21) can be determined by imposing the 
boundary condition (eq. (14)). 
A rectangular grid is used to numerically solve each initial 
characteristic problem. Two sides of this rectangular grid are 
formed by two paths of integration, one in each characteristic 
plane. These paths allow the desired part of the flow to be 
computed. Three kinds of path of integration are used, 
subsonic, transonic, and supersonic paths. To reduce the 
amount of computation, the exterior circumference is divided 
into eight sectors, and the identical points (0,l) and (0, - 1) 
are always taken as inital point (,$3,&). From each singularity 
(,$,,E,) and (t2,F2) a path is laid which goes directly to the 
point (E3,F3) to compute the Riemann solutions. The 
corresponding r]-path will be the complex conjugate of the ,$- 
path. Once the characteristics are reached through the point 
(t3,Z3), the Riemann solutions plus the solution of the 
inhomogeneous problem (eq. (18)) are computed in the way 
described. 
Subsonic paths are used in those sectors in which all the 
nodes are subsonic points. In this case the q-path is the complex 
conjugate of the [-path. As t and r]  are conjugate coordinates 
at subsonic points, the diagonal of the rectangle corresponds 
to real subsonic points. The initial data have been previously 
defined by the reflection laws (eqs. (20), (22), and (23)). In 
this form the computation can be reduced to the triangle below 
the diagonal. A path will consist, then, of a segment that starts 
at t3,  ends at the outer circle, and continues with the circular 
arc corresponding to the sector in question. 
Transonic paths are used in those sectors below the sonic 
locus, where all, or some, of the nodes do not correspond to 
real subsonic points. The idea is that to reach those points 
beyond the sonic line, the two-dimensional manifold formed 
by the two paths has to avoid the sonic surface M (  ( , q )  = 1, 
where the equations become ill conditioned. So, in the case 
of those paths, the (-path and the q-path should not be 
conjugates of each other. The idea is, as in reference 3, to 
traverse the corresponding sector in opposite directions for 
each path. 
Finally, the supersonic paths compute the real supersonic 
zone of the body. These supersonic paths, introduced first by 
Swenson (ref. 6), use the property that a point in the real 
supersonic zone can be reached by two characteristics starting 
at the sonic locus of each characteristic plane (ref. 3). The 
computation for the supersonic zone is done once the 
coefficients b, in equation (21) have been obtained. So the 
problem (eq. (18)) is solved only once for these points. This 
makes the use of a much finer grid for the supersonic 
computation affordable, both in terms of computing storage 
and CPU time. The analytic solution is path independent, by 
the Cauchy Integral theorem, provided that it stays on the 
proper branch of the solution. 
The finite difference scheme 
is used to integrate the equations. The average values 7* are 
calculated with a predictor-corrector scheme that gives second- 
order accuracy. A Richardson extrapolation to the zero limit 
included in the code gives third-order accuracy. 
Two complex constants were left at our disposal in the 
computation of the Riemann functions. To determine them it 
is required, first, that the stream function be single valued 
along the airfoil. This leads to the condition for the jump in 11, 
On the other hand, the circulation 
This imposes the jump condition on cp 
over the airfoil is given. 
The locations of the stagnation point and trailing edge impose 
the two remaining conditions needed to determine the four real 
constants. 
With the potential and stream functions completely 
determined, the body is calculated by using the formula 
From the residuum of this function, when a loop is described 
around one singularity, say the source 4 = t2 ,  the repeating 
vector 
is obtained. The modulus of this vector is the gap, or distance 
between adjacent blades. If one considers, instead, a loop 
which contains both singularities, then the jump in the function 
x + iy around the airfoil 
is obtained. The real and imaginary parts of this vector 
measures the opening of the airfoil at the trailing edge in the 
x- and y-directions, respectively. This formula can be used 
to check the accuracy of the computation, when the actual 
coordinates of the body are obtained. 
Boundary Layer Correction 
A turbulent boundary layer computation has been 
incorporated into the inviscid inverse design code. The lag- 
entrainment method is followed as developed by Green, 
Weeks, and Brooman in reference 7. This method contains 
fewer empirical factors than the classic of Nash and 
McDonald. It solves three ordinary differential equations 
(ODE) for three independent parameters, the momentum 
thickness, the shape factor, and the entrainment coefficient, 
instead of one ODE for the momentum thickness as in the 
method of Nash and McDonald. 
These three ODE can be written as 
5 
where the three independent parameters 8 ,  H, and C, are 
defined by 
6 = (1 - $dy 
The suffix e refers to flow variables at the edge of the boundary 
layer. The two other shape parameters and the skin friction 
coefficient are defined by 
6* 
e 
H = -  
See reference 7 for the definition and value of the other 
coefficients, which are functions of the entrainment coefficient 
and the local free-stream magnitudes. 
The transition point, at which the computation of the 
boundary layer is started, is left as an input parameter. Of the 
three initial values necessary to numerically solve the system 
of ordinary differential equation (9), only the initial momentum 
thickness is specified as an input parameter. The other two 
are computed by means of the equilibrium relations established 
in reference 7. 
As described before, once an inviscid airfoil has been 
obtained, the turbulent boundary layer correction is switched 
on. The transition point is usually set at the point where the 
adverse pressure gradient starts. The Stratford criterion is 
followed to diffuse the flow from this point to the trailing edge. 
The Nash-McDonald separation parameter 
is used to predict separation. Separation is predicted when this 
parameter reaches a value of 0.004. 
To achieve a nonseparated flow, the diffusion part of the 
input pressure distribution is modified, keeping the circulation 
constant, until the desired value of the parameter SEP is 
reached. Each iteration produces a new airfoil with no 
significant change in the inlet flow conditions and solidity. 
Instead, the thickness at the trailing edge has to be closely 
monitored, as it will determine the limits of the process. 
Design Procedure 
The design of two-dimensional inviscid subcritical and 
supercritical cascades has been widely accepted as a method 
to produce axial compressor and turbine blades. With this 
method a number of sections, spanning from hub to tip, can 
be designed independently of each other according to the flow 
conditions required in the spanwise direction. Five of these 
two-dimensional sections are usually enough to design a blade 
with considerable three-dimensional effects. 
A wide variety of airfoils in cascade can now be designed 
with thishverse design procedure. The input to the design 
code cah be separated in three parts. First, a surface speed 
distribution is specified. The aerodynamic performance on the 
airfoil is controlled by means of this input speed distribution. 
Second, three design parameters must be given. These 
parameters are the radius R of the outer circumference of the 
circular ring in the hodograph domain, which controls the 
solidity of the cascade; the angle THETA which locates the 
leading edge stagnation point, and thereby controls the stagger 
angle; and a Mach parameter, EMACH, controlling the inlet 
Mach number. 
The third set of parameters, or numerical parameters, is 
concerned with accuracy versus computational speed of the 
design process. These parameters are (1) the number of nodes 
in the exterior circle, equal to the number of Tchebycheff 
polynomials used in the expansion of the regular part of the 
solution and (2) the number of iterations, which controls the 
total number of cycles (each one includes the calculation of 
the mapping function and a complete solution of the equations). 
Additionally, two grid sizes can be set, one for the subsonic- 
transonic computation, and the other, a finer one, for the 
supersonic computation. A Richardson extrapolation can be 
included in the last iteration. A complete description of the 
input parameters is given in appendix A. 
To achieve a good design, one could proceed in the 
following way. An input speed distribution is prescribed that 
reflects the desired aerodynamic behavior. Then the three 
design parameters are determined. The parameter R, that 
controls the solidity, can be chosen with values that in practical 
6 
terms, vary from 1.4 for a solidity of approximately 2 to a 
value of 2.5 for lower solidities of about 1. In the same 
manner, the input Mach number EMACH and the angle 
THETA for the leading edge stagnation point are set. 
A run can be made with this set of input parameters, and 
the design parameters changed successively until the desired 
inlet flow conditions and solidity are obtained. The advantage 
of the elliptic transformation is that changes in each of the three 
parameters have little effect on the flow variables that the two 
other parameters control. For instance, large changes in the 
parameter THETA have small effects on the solidity. 
Once the required solidity, inlet Mach number, and inlet 
air angle have been obtained, the input speed distribution is 
modified. This modification increases or decreases the lift, 
and thus the turning angle of the blade, by changing the area 
enclosed by the speed distribution. When the required turning 
has been achieved, and hence the proper exit flow conditions, 
the input speed distribution is used to tailor the body geometry. 
The maximum thickness of the airfoil, the leading edge 
curvature, and the trailing edge thickness can then be adjusted. 
If all the numerical parameters are kept at their default 
values, a subcritical airfoil can be designed with as little as 
30 sec of CPU time per run on the IBM 370-3033 at NASA 
Lewis. Subcritical designs can be obtained with as few as 15 
runs, including the boundary layer correction. This makes the 
design of subcritical airfoils a very fast and reliable process. 
For transonic designs the situation is more complicated. In 
the first place, it is not known if a shockfree solution exists 
in the region being searched. The paths of integration, although 
automated not to intersect the sonic line, can reach a wrong 
branch of the analytic solution. Also, limit lines can appear 
in the supersonic region. The number of points in the 
computational domain is much larger, both because the 
integration paths are longer and because a finer grid is 
required, thereby increasing the CPU time considerably. The 
procedure for a transonic design would be to obtain first a 
subsonic blade with flow characteristics close to the design 
in question. Then, by raising the input Mach number a 
supersonic region will be formed and the design parameters 
tuned to obtain the desired blade. In the final stages, a transonic 
run with a fine grid and a Richardson extrapolation in both 
the subsonic and supersonic regions takes about 5 min of CPU 
time on the same IBM 370. 
Lewis Research Center 
National Aeronautics and Space Administration 




Description of Input Data Set the format X5,2f20.8, which corresponds to the point number. 
arc length, and speed value. This list is precededby an interger 
in format 15, that corresponds to the number of points that 
follows. An example of an input data set that will reproduce 
the run corresponding to the supercritical propeller case given 
in appendix B is as follows: 
The input to the design code is supplied in the data set 
Fortran Unit Number 2. This data set begins with the input 
parameters in a NAMELIST form, and is followed by the input 
speed distribution. This speed distribution is given as a set 
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24 1.460000 1.36500O 
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Beside the input data set, three working files, Fortran Unit 
Numbers 1, 3, and 5 have to be defined. The output file is 
written in unit number 4, and all the graphics information is 
stored in Unit Number 7. A separate program will read unit 
number 7 to produce the plot file corresponding to each run. 
This graphic subroutine, because of its dependency on h 
particular machine, will have to be adapted by the users to 
their particular system. 
Definition of Input Parameters 
The input parameters are defined as follows: 
NRN run number 
R radius of outer circle, controls the solidity of the 
EMACH free stream Mach number, controls the inlet Mach 
THETA angular location of the stagnation point, controls 







the inlet air angle 
number of nodes and Tchebycheff polynomials 
grid size for subsonic and transonic paths 
grid size for supersonic paths 
a value of 1 or 0 will, respectively, turn on or off 
a Richardson extrapolation in the last iteration of 
the flow computation along subsonic and transonic 
paths 
a value of 1 or 0 will, respectively, turn on or off 
a Richardson extrapolation in the flow computa- 






reynolds number based on chord; a zero value will 
x-coordinate where transition is assumed for the 
x-coordinate where transition is assumed for the 
reynolds number based on momentum thickness 
When the parameter NI is zero the graphics subroutine 
produces a spline fit of the input speed distribution. For values 
of NI greater than zero it gives three other plot frames, as 
shown in the figures in appendix B. 
skip the boundary layer computation 
suction side 
pressure side 
assumed at transition point 
Default Values 
NRN = lo00 
R =  1.50 
EMACH = 0.50 
THETA = 0.0 
M = 3  
NF = 64 
GRID = 0.60D-01 
GRIDS = 0.40D-01 
IRICHD = 0 
IRICHS = 0 
RN = 0.0 
TRU = 0.20 
TRL = 0.20 




This appendix lists six airfoils designed with the procedure 
described in the section Design Procedures. The computer 
output for these six cases are also listed. The first one is a 
transonic airfoil fit for a midspan section of a modern 
propeller. An inlet Mach number of 0.83 was reached before 
the appearance of limiting lines. The maximum thickness to 
chord ratio of 0.059 is reached at about 45 percent of the chord, 
which makes it an attractive design. Figure l(a) shows a 
hodograph plane for this airfoil. In figure l(b) can be seen 
the surface Mach number distribution obtained and the inviscid 
airfoil. Figure l(c) shows the relative position of the airfoils 
in the cascade plane. A cubic spline has been passed through 
the airfoil after subtracting the computed displacement 
thickness from the surface of the airfoil in figure l(b). 
The next airfoil, figure 2, represents a tip section for a 
compressor rotor. The inlet Mach number reached is 0.86. 
This airfoil shows that after subtraction of the boundary layer 
the displacement thickness is 0.024. A low speed rotor-tip 
section with a high inlet air angle of 71 O is shown in figure 3. 
The code has been used to design two turbine blade sections 
shown in figures 4 and 5. The first one is a subcritical section 
with a solidity of 1.77 (gap-to-chord ratio of 0.56). The surface 
speed distribution presents an accelerated profile on both sides 
of the blade. A small amount of diffusion is present in the last 
30 percent of the suction side to obtain the correct trailing edge 
opening. This airfoil has been designed to form the midspan 
section of a cooled turbine rotor. 
After this subcritical design, a supercritical turbine blade 
section is shown with half the solidity of the previous design, 
and the same flow turning. This, naturally, implies that one- 
half of the blades are needed for a turbine rotor with this 
section, with the corresponding savings in weight and 
fabrication cost. The diffusion on the suction side is now 
considerably greater, but the reduction in the number of blades 
allows us to expect higher losses per blade with the same, or 
less, total loss. 
The last example (ref. 8),, shown in figure 6, is a turning 
vane designed to operate at both zero incidence and at 45" 
of positive incidence, with the same exit flow angle in both 
modes of operation. Because of the blunt leading edge, large 
maximum thickness-to-chord ratio, and high solidity, this blade 
is capable of turning the flow for the 45 O of positive incidence 
operation mode. 
The Mach number distributions in figures 1 and 2 present 
small spikes near the leading edge, which reflect the beginning 
of the formation of a limiting line. This is attributable to the 
high inlet Mach number of both designs. If it is considered 
that these spikes might trip the boundary layer, they would 
have to be eliminated by lowering the inlet number. 
Supercritical Propeller 
€DATA 
NRN = 1035 
R = 1.950 
EMACH = 0.780 
THETA = 26.0 
NI = 3 
NF = 128 
GRID = 0.80D-0 1 
GRIDS = 0.40D-01 
IRICHD = 1 
IRICHS = 1 
RN = 1000000.0 
TRU = 0.260 
TRL = 0.1050 
RTHO = 320.0 
€END 
T. E. 
ZIN-1.00. -180.00; ZEX-1.00, 0.00; R-1 .5 '5  
(a) 
(a) Hodograph plane. 
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(b) Mach number distribution and inviscid airfoil. 
(c) Relative positon of airfoils in cascade plane after boundary layer is subtracted. 


































































































TURN GAP RESIrl 
10.21 1.04 -0.1523D 00 
9.79 1.05 -0.1071D 00 
10.15 1.06 -0.1026D 00 
INVISCID 
INLET HACH NUHBER = 0.828 
EXIT K?CH N U H X R  = 0 -723 
TUFNING = 
GAP = 1.058 CHOP? = 1.002 
COWUTATION 
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EXIT FLOW ANGLE = 15.57 
10.145 
AXIAL CHORD = O.YG8 
GW/CEORD = 1.055 SGLIDITY = 0.947 AXIAL SOLIDITY = 0.906 
THICYJCEOXD = 0.059, DX = -0.0069; l?Y = 0.0172 
THICYJCHOfiD AT TE = 0.018, DEV = -0.002 
N x Y n4cx ANGL CURVATUP2 
1 0.95706 0.21911 0 . i l l 5  15.64 0.03 
2 0 -93706 0.21911 0.7115 15.64 0.00 
3 0.95333 G.21808 0.7143 15.55 G . 3 9  
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BOUNDARY LAYER CORRECTION 
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THICWCHORD AT TE 0.009, DEV = -0.002 
19 



















(a) Mach number distribution and inviscid airfoil. 
(b) Relative position of airfoils in cascade plane after boundary layer is subtracted. 
Figure 2.--Supercritical rotor. 
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24 1.935000 0.930000 
I T E R  H I N  ANIN TURN GAP RESID 
1 0.82 54.62 12.44 0.89 -0.1305D 00 
2 0.85 51.73 11.30 0.87 -0.5617D-01 
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AXIAL CHORD = 0.744 
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THICWCHOPXI = 0.055, DX = -0.0206; DY = 0.0297 
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BOUNnWY LAYER CORRECTION 
PRESSURE SIDE 
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BODY COORDINATES AFTER BOUNDARY LAYER SUBTRACTION 
N xv Y 
1 0.75970 0.65171 
2 0.75964 0.65167 
3 0.75839 0.65070 
4 0.75469 0.64793 
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DXV = -0.0131; DYV = 0.0202 
THICKKHORD AT TE 0.024, DEV = 0.002 
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(a) Mach number distribution and inviscid airfoil. 
(b) Relative position of airfoils in cascade plane after boundary layer is subtracted. 
Figure 3.-High stagger subcritical rotor. 
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I N V I S C I D  
INLET HACH N U E R  = 0.259 
E X I T  HACH NUKBER = 0.146 
TURNING = 


























INLET FLOW W G L E  = 71.18 
E X I T  FLOW ANGLE = 51.80 
19.372 
AXIAL CHORD = 0.548 
GAF'/CHORD = 0.757 S O L I D I T Y  = 1.320 AXIAL SOLIDITY = 0.719 
THICWCHOEU) = 0.089, DX = -0.0372; DY = 0.0308 
THICWCHORD AT T E  = 0.048, DEV = 0.000 
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BODY COORDINATES AFTER BOUNDARY LAYER SUBTRACTION 
N XV Y N XV Y 
1 0.56931 0.82476 
2 0.56890 0.82427 
3 0.56350 0.81798 
4 0.55053 0.80353 
5 0.52870 0.78015 
6 0.49776 0.74772 
7 0.45911 0.70702 
9 0.37172 0.60824 
10 0.32986 0.55512 
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0. a4168  
0.0180 
THICWCHORD AT TE 0.028, DEV = 0.000 
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Subcritical Turbii Blade 






















(a) hl[lbch number distribution and inviscid airfoil. 
(b) Relative position of airfoils in cascade plane a f h  bwadary layer is SUM. 
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2.240 00 0 
2.2420 0 0 
2.13lOOO 
1.9860 0 0 
1.940000 
ITER H I N  ANIN TURN G W  RESID 
1 0.33 36.17 95.15 0.60 0.1789D 00 
2 0.34 36.06 93.85 0.60 0.3504D-01 
3 0.34 36.00 93.35 0.60 O.6561D-02 
1 
I N V I S C I D  
INLET HACH NUflBER = 0.343 
E X I T  HACH !:UMEER = 0.765 
TURNING = 
GAP = 0.603 CHORD = 1.066 
COWUTATION 
INLET FLOW ANGLE = 36.00 
E X I T  FLOW ANGLE = -57.35 
93.353 
AXIAL CHORD = 0.903 
GAP/CHORD = 0.566 S O L I D I T Y  = 1.767 AXIAL S O L I D I T Y  = 1.497 
THICWCHORD = 0.228, DX = 0.0342; DY = 0.0232 























































































































































































































































































































































































































































































































































































































































































































































































































BOUNDARY LAYER CORRECTION 
PRESSURE SIDE 
















































































































































































































N X Y 
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DXV = 0.0294; DYV = 0.0199 
THICWCHORD AT TE 0.033, DEV = -0.000 







SOLD 0. 88 
THCR 0.202 
I THTE 0.027 
’ \ ’ \  DTE -0.009 
. .-+ 
fill I . . * 
. \  
\ $  
\‘ 
(b) 
(a) Mach number distribution and inviscid airfoil. 
(b) Relative position of airfoils in cascade plane after boundary layer is subtracted 
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BOUNDARY LAYER CORRECTION 
PRESSURE SIDE 










































































































































































































































































































































































































































































































































































































































































































































































BODY COORDINATES AFTER BOUNDARY LAYER SUBTRACTION 
N xv Y N xv Y 
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(a) Mach number distribution and inviscid airfoil. 
(b) Relative position of airfoils in cascade plane after boundary layer is subtracted. 







































































































I T E R  MIN ANIN TURN 
1 0.19 -23.95 0.61 
2 0.19 -23.94 0.93 
3 0.19 -23.94 1.07 
I N V I S C I D  
I N L E T  KACH N U ~ E K  = 0.193 
E X I T  HACH NUnaER = 0.208 
TURNING = 















GAP R E S I D  




INLET FLOW ANGLE = -23.94 
E X I T  FLOW ANGLE = -25.01 
1.069 
AXIAL CHORD = 0.976 
GAPKHORD = 0.518 S O L I D I T Y  = 1.931 AXIAL S O L I D I T Y  = 1.87~ 
THICWCHORD = 0.184, DX = 0.0126; DY = 0.0260 
THICWCHORD AT TE = 0.029, DEV = 0.001 
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DXV = 0.0061; DYV = 0.0118 
THICWCHORD AT TE 0.013, DEV = 0.001 
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description of the method followed by a discussion of the design procedure and examples. The input parameters 
necessary to run the code are then described and their default values are given. Output listings corresponding to 
six different blade shapes designed with the code are given, as well as the necessary input data to reproduce the 
computer runs. The examples have been chosen to show that a wide range of applications can be covered with 
the code, ranging from supercritical propeller sections to wind tunnel turning vanes that can operate with a large 
inlet flow angle range. 
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